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Abstract - - In  this paper, some new results on convergence of iterative processes with errors for set- 
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and improve a number of the recent results. (~ 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION AND PREL IMINARIES  
Let X be a real normed linear space, X* be the duality space of X, and J : X -~ 2 X* be the 
normalized uality mapping defined by 
= {S e x* :  (~,S) = Ilxll ~ Ilfll = I1~11} J(x) 
for all x E X, where (-, .) denoted the pairing of X and X*. It is well known that J(x) ~ 0 for 
all x E X and D(J) (the domain of J )  --- X. If X* is uniformly convex, then J is single-valued 
and is uniformly continuous on any bounded subset of X. 
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DEFINITION 1.1. Let A : D(A) C X -~ 2 x be a set-valued mapping with domain D(A) and 
kernel N(A)  = {w: 0 E Aw}. 
(1) A is said to be accretive if, for every x, y E D(A),  there exists j ( x  - y) E J (x - y) such 
that  
(~ - •,j (z - y)) _> 0, 
for all ~ E Ax and ~ E Ay. 
(2) A is said to be quasi-accretive if, for every x E D(A) and y E N(A),  there exists j ( x -y )  E 
J (x - y) such that  
(~, j  (x - y)) _> 0, 
for all ~ E Ax. 
(3) A is said to be strongly accretive if, for every x, y E D(A), there exists j (x  - y) E J (x - y) 
such that  
(~-  r/,j (x -  y)) _> k i [x -  y[12, 
for all ~ E Ax and ~ E Ay, where k E (0, 1) is a constant. 
(4) A is said to be strongly quasi-accretive if, for every x E D(A) and y E N(A) ,  there exists 
j ( z  - y) E J (x - y) such that  
(~, j (x -y ) )  >_ k ] lx -  yII 2, 
for all ~ E Ax, where k E (0, 1) is a constant. 
(5) A is said to be strongly pseudocontractive if, for each x, y E D(A), there exist j (x  - y) E 
J (x - y) and a constant k E (0, 1) such that  
- (x  - y ) )  _ k IIx - yl l  2 , 
for all ~ E Ax and r]E Ay. 
(6) A is said to be quasi-pseudocontractive if the fixed-point set F(A) of A is nonempty, and 
for every x E D(A) and x* E F(A),  there exists j (x  - x*) E J (x - x*) such that  
(~ - x*, j  (x - x*)) <_ I l x -x* l [  2, 
for all ~ E Ax. 
DEFINITION 1.2. Let X be a Banach space, D a nonempty convex subset of X ,  and A : D - *  2 D 
a set-valued mapping. Let {an}, {¢~}, {%~}, and {an} be sequences in [0, 1] such that an +Tn <-- 1 
and ~n + an _< 1. 
(1) For any given x0 E D, the sequence {xn} defined by 
Xn+l = (1 - an - 7,~) Xn + Oentn -k "ynUn, 
n > O, (1.1) 
Yn = (1 -- /~n -- an)  Xn -[-/~nSn -[- an Vn , 
is called the Ishikawa iterative sequence with errors for the set-valued mapping A, where 
sn E Axn, tn E Ayn, {un} and {vn} are two bounded sequences in D. 
(2) In (1.1), if/3,~ -- an = 0 for all n > 0, then yn = Xn and the sequence {Xn} defined by 
xn+l = (1 - an - "Yn) Xn + OlnSn q- ~nUn,  n > O, (1.2) 
is called the Mann iterative sequence with errors for the set-valued mappin.g A. 
(3) In (1.1), if3'n = an = 0 fora l l  n > 0, then the sequence {xn} defined by 
Xn+t = (1 - an)  x n ~- a.tn,  
> o,  (1 .3 )  
y~ = (1 -j3,~)Xn +~3nsn, 
is called the Ishikawa iterative sequence for the set-valued mapping A. 
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(4) In (1.1), if fin = 5n = 7n = 0 for all n > 0, then Yn = Xn and the sequence {x~,} defined 
by 
xn+l = (1 - an)Xn + OgnSn, n > O, (1.4) 
is called the Mann iterative sequence for the set-valued mapping A. 
The concept of accretive mappings was introduced independently b  Browder [1] and Kato [2]. 
The interest and importance of these mappings tems mainly from the fact that many physically 
significant problems can be modeled in terms of an initial value problem of the form 
dx 
- Ax ,  z (O)  = zo ,  (1.5) 
dt 
where A is either an accretive or strongly accretive mapping in an appropriate Banach space. 
Closely related to the class of accretive mappings is the class of pseudocontractive map- 
pings. These classes of mappings have been studied extensively by various authors (see, for ex- 
ample, [3-23] and the references therein). Very recently, Huang and Bai [14] introduced some new 
iterative methods for set-valued mappings and studied the convergence of Ishikawa and Mann 
iterative sequences with errors for set-valued strongly pseudocontractive mappings and set-valued 
strongly accretive mappings in Banach spaces. 
Motivated and inspired by the above works, the purpose of this paper is to establish some 
new results on convergence of Ishikawa and Mann iterative processes with errors for set-valued 
pseudocontractive and accretive type mappings in Banach spaces. Our results extend and im- 
prove the corresponding results of Chang [3,4], Chang et al. [5], Chidume [7-9], Chidume and 
Osilike [10], Deng and Ding [11], Ding [12], Huang [13], Huang and Bai [14], Liu [15], Liu [16], 
Osilike [18,19], Tan and Xu [20], Xu [21], Zhou [22] and Zhou and Jia [23]. 
In the sequel, we need the following definition and lemmas. The first lemma is actually Lemma 1 
of Petryshyn [24], and even earlier, Asplund [25] proved a general result for single-valued duality 
mappings that can be used to derive this lemma. We include its proof for the sake of completeness. 
DEFINITION 1.3. Let X be a Banach space and CB(X)  be the family of all bounded closed 
subsets of X .  A set-valued mapping T : X --+ CB(X)  is said to be uniformly continuous if, for 
any given e > O, there exists ~ > 0 such that, for any given x, y E X ,  when [[x - yI[ < ~, we have 
H(Tx,  Ty) < e, where H is the Hausdorff metric on CB(X) ,  i.e., 
H(A ,B)  = max ~sup inf d(x ,y ) , sup  inf d(x,y)'~, 
t.xEA yEB yEB xEA J 
for any given A, B E CB(X) .  
LEMMA 1.1. Let X be a real normed linear space and J be a normalized uality mapping. Then 
for any given x, y E X we have 
IIx +yll 2 <_ IIxll + 2. (> j ) ,  
for a11 j E J (x + y). 
PROOF. For anyx,  yeXand jE  J (x + y), we have 
IIx + yll 2 = (x + y, j )  = (x, j )  + (y, j)  
1 
< _ (IIxN 2 + IIjll + (> j )  -2  
= 1 (llxll 2 + ii x + Yll2) + (>j) .  
2 
This implies that 
IIx + yll 2 < Ilxll 2 + 2(y,j), 
for all j E J (x + y). This completes the proof. 
LEMMA 1.2. (See [26].) Let X be a real uniformly smooth Banach space, A : D(A) C X --+ 2 x 
an accretive mapping. Then A is locally bounded at any interior point of D(A). 
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2. CONVERGENCE OF  ITERAT IVE  
PROCESSES WITH ERRORS FOR SET-VALUED 
PSEUDOCONTRACTIVE  TYPE  MAPP INGS 
THEOREM 2.1. Let X be a real Banach space, D be a nonempty convex subset of X ,  and 
A : D -~ CB(D)  be a uniformly continuous et-valued quasi-pseudocontractive mapping. Let 
{an}, {j3n}, {%~}, and {bn} be sequences in [0, 11 satisfying the following conditions: 
(i) a .+%_<l ,  3. + bn _< l, n _> 0, 
( i i )  oo oo ~n=0an = oc, E,~=0 ~n < oo, 
(iii) lim,~-,oc an = limu---,oo j3n = lim~-,oo 5~ = 0. 
Let xo E D be any given point and {xn} be the Ishikawa iterative sequence with errors defined 
by (1.1). Then the following conclusions hold. 
(I) I f  {Xn} converges strongly to a fixed point x* of A in D, then {sn} and {tn} are bounded 
and there exists a nondecreasing function ¢ : [0, oo) ---* [0, oc), ¢(0) -- 0, such that, for x* 
and any xn, there exists j(Xn - x*) E J (xn - x*) satisfying 
(s -x* , j (zn-x*))  < IIx~-x*ll2-C(llx~-x*ll), n>O, (2.1) 
for all s E Axe. 
(II) Conversely, if {sn} and {tn} are bounded and there exists a strictly increasing function 
¢:  [0, c~) --* [0, oo), ¢(0) = O, such that, for given x* E F(A)  and any x~, there exists 
j(Xn - x*) E J(xn - x*) satisfying inequality (2.1), then xn --~ x*. 
PROOF. 
(I) Let x,, --~ x*. Since sn E Axn and A is uniformly continuous, we know that d(sn, Ax*) <_ 
H(Ax~, Ax*) and d(sn, Ax*) ---* O. It follows from Ax* E CB(D)  that  {Sn} is bounded. Since 
/3,~ --* 0, 5~ --* 0, {s,~} and {v,~} are bounded, we have 
Yn = (1 -- ]3 n -- (~n) Zn  "4- ~nSn + (~nVn ~ X*. 
Similarly, we can prove that {t~} is bounded. Let 
K = sup  { l lx~ - x*ll  : n _> 0} .  
Then we have K < oo. 
If K = 0, then Xn = x* for all n > 0. Hence, (2.1) is true for all n > 0. 
If K > 0, define 
Gt={nEg: [ [xn -x* [ [>t} ,  t E (O,K), 
ag = {n E N :  Ilx= - x*[[ = K} ,  
where N is the set of all nonnegative integers. Since xn ---, x*, for any t E (0, K], there exists 
no E N such that [[x~ - x* [[ < t for any n > no. This implies that, for all t E (0, K) ,  
(a) Gt is a nonempty finite subset of N, 
(b) Gt, C Gt2, when tl >_ t2, t l ,t2 E (O,K), 
(c) GK = V/tE(0,K)Gt. 
Since A : D ---* CB(D)  is a quasi-pseudocontractive mapping, for given x* E F(A)  and any xn, 
there exists j (xn - x*) E J(xn - x*) such that 
(s - x*, j  (xn - x*)) <_ Ilzn - x* l l  2 , (2.2) 
for all s E AXn and n > 0. Let 
g ( t )= nea~inf { [ [x~-  x*[, 2 -  sEAx,~SUp {(S- -X* , j (Xn- -X* ) )}}  , t E (0, K) .  
From (2.2) and Property (b), it follows that 
(a) g(t) >_ 0 for all t E (0, K) ,  
(b) g(t) is nondecreasing in t E (0, K).  
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Next, we define a function 
0, if t --- 0, 
¢(t) = g(t), if t ~ (0, K) ,  
lims--.K- g(s), if t e [K, oo). 
Hence, ¢ : [0, oo) ---* [0, oo) is nondecreasing and ¢(0) = O. For any n > 0, let tn = Ilxn -x*l]. 
(1) If tn = O, then xn = x*, and hence, ¢( l lx,  - x*ll ) = 0 and 
(s - x*, j  (x~ - x *)) = IIXn -- X*ll 2 -- ¢ (llX~ -- X*I[), 
for all s E Axe. 
(2) If tn E (0, K) ,  then n E Gt,, and so 
( 
¢(llx~-x*lJ)=g(t~)-= inf Rl lx~-x* l l  2 -  sup  
rn~G~,,. I sEAx,,, 
<_ Iixn - x*ll 2 - ( s -  x* , j  (Xn - x* ) ) ,  
for all s E Axn. 
(3) If t~ = K,  then n E GK = Ase(0,K) Gs and so 
{(s -x* , j (xm - x*) )}} 
¢( l l zn -X* [ I  ) -- ¢( t~)  = lim g(s) 
s.--* g--  
: lims_~K_ mea~inf {l[2;m- X*II 2 -  sEAxSUp .... { (s -x* , j (Xm- -X* ) )}}  
IIXn -- X*II 2 -- (8 - -  x* , j  (x  n -- X* ) ) ,  
for all s E Ax,~. 
(II) Since {Sn}, {tn}, {Un}, and {vn} are bounded, letting 
M = sup  { l l~n - ~*11 + IIt~ - ~*ll  + Ilxo - ~*11 + I1~. - x* l l  + IIv~ - ~* l l} ,  
n>0 
then we have M < oo. From (1.1), we have 
and 
IIxl - x*ll = II(1 - c~o - 3'o) (xo - x*) + c~o (to - z*) + 3'0 (uo - x*)ll _< M 
IlYl - x*l l  = II(1 - ~1 - 51) (x t  - x* )  +/~1 (81 - x* )  + 51 (v l  - z* ) l l  ~ M,  
By induction, from (1.1), we can prove that 
IIXn -- X*II ~ M, ItY,~ - x*[I <- M, n > O. (2.3) 
Since, for each n > O, t,~ E Ayn, Ayn E CB(X) ,  and Axn+l E CB(X) ,  by Nadler [27], there 
exists $n+1 E Ax,~+l such that 
[ 'tn- gn+l" <_ ( l  + l )  H (Ayn,AXn+l). (2.4) 
{sn}, {tn}, {Un}, and {Vn} are bounded, by Conditions (ii) and (iii) and (1.1), we Since {xn}, 
have 
yn - z~+l  = (c~ + 3"~ - ¢~ - 5~) z~ + ¢~,s~ - ~t~ + 5nv~ - 3'~u~ ~ 0, (n  - ,  ~) .  (2.5) 
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In view of the uniform continuity of A, it follows from (2.5) that  
H (Ayn,Axn+l) ---, O, (n ~ oo). (2.6) 
It follows from (2.4) and (2.6) that  
dn = Iltn - $n+111 --* 0, (n -~ oo) .  (2.7) 
From Lemma 1.1, (1.1), 
IlXn+l - -  32,[I 2 = 
_< 
(2.1), and (2.3), we have 
1[(1 - a~ - ~/n)  (xn  - x* )  + an (tn - x* )  + % (un  - 32")112 
(1 - ~n - ~n) 21132n - x*ll ~ + 2an (tn -- 32",J (Xn+l - -  32*)) 
"~- 2"~n (Un -- 32",j (32n+1 - -  32* ) )  
(1 -- an)  2 [132n -- 32,[[2 .~ 20/n (Sn+l -- 32" , j  (32n+1 -- 32*)) (2.8) 
+ 2a,~ (tn -- Sn+l,j (Xn+l -- X*)) -[- 2%~M 2
< (1  - an) 2 [ [xn - 32"[I 2 + 2~ {[[x~+l - 32"112 - ¢ (1132n+1 - -  X* [ [ )}  
+ 2andnM + 27n M2. 
Since an --* 0, there exists nl such that  1/2 < 1 - 2an < 1 for all n > hi. It follows from (2.8) 
that  
1 
[[Xn-I-1 - -  ~'112 ~ 1 - 2ol'~ ~(1 - an) 2 IlXn -- X*II 2 -- 20~n¢ (1132n+~ -- X*II) 
f 
+ 2andnM + 2%~M 2 } 
1 {a~ [[xn - x*[[2 - 2an¢ ([[Xn+l -- X*[[) _< [Ixn - x*ll 2 + 1 - 2a---~ (2.9) 
+ 2andnM + 27riM 2 } 
<_ IlXn -- X*ll 2 an ¢( [ [Xn+l  -- x*ll) 
1 - 2an 
a----e--" {¢ ( l lxn+l - x*ll) - (2dn + anM) M} + 4"/nM 2, 
1 - 2an 
for all n > nl. Let a = inf{[Xn-X*[[  : n > 0}. Now we prove that  a = 0. Suppose that  
a > 0. Then [[xn - x*[[ _> a > 0 for all n _> 0. By the strictly increasing property of ¢, we have 
¢([Ixn+l - x*[[) >_ ¢(a)  > 0 for all n _> 0. Since dn --'* 0 and an --* 0, therefore, there exists a 
positive integer n2 >_ nl  such that  
(2dn + anM) M < ¢(cr), 
for all n _> n2. It follows from (2.9) that  
1132n+1 -x* [ [  2 - [ [32n --X*[[ 2 - a~¢ (o) an  
1 - 2 a  n 
< []z~ - z ' l [  2 - a .¢  (~) + 4~M 2, 
- -  {¢ (or) - (2d~ + a~M)  M} + 43,nM 2 
for all n > n2. This implies that  
oo oo 
an¢(a)_  [ [xn2-x 'H2  +4M 2 ~ "V,~ <~,  
n=n2 n~n2 
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which contradicts Condition (ii). Thus, a = 0, and hence, there exists a subsequence {Xnj } of 
{xn} such that xnj --+ x* as nj --+ oo. Since {tn}, {un} are bounded, an --* 0 and Vn ~ 0, we 
have 
Xnj+l = (1 - an~ - %, )  xnj + an~tnj + %jUnj --+ x*. 
By induction, we can prove that 
Xnj +k --'+ X*, 
for all k = 1, 2 , . . . .  Therefore, xn --+ x*. This completes the proof. 
REMARK 2.1. Theorem 2.1 improves and extends the corresponding results of Chang [3,4], Chang 
et al. [5], Chidume [8,9], Chidume and Osilike [10], Deng and Ding [11], Huang and Bai [14], 
Liu [15], Liu [16], Osilike [18,19], Tan and Xu [20], Xu [21], Zhou [22] and Zhou and Jia [23]. 
THEOREM 2.2. Let X be a real Banach space and A : X --+ CB(X)  be a uniformly continuous 
set-valued strongly pseudocontractive mapping. Let {an}, {j3n}, {%}, and {an} be sequences 
in [0, 1] satisfying Conditions O)-Oii) in Theorem 2.1: Then, for any given Xo E X ,  the Ishikawa 
iterative sequence {Xn} with errors defined by (1.1) converges trongly to x* e F(A)  if and only 
if {Sn} and {tn} are bounded. 
PROOF. Since A is a uniformly continuous et-valued strongly pseudocontractive mapping, we 
know that I - A is a uniformly continuous et-valued strongly accretive mapping, where I is the 
identity mapping. It follows from Corollary 1 of Morales [17] that I - A maps X onto X and so 
F(A)  ~ ~. For x* E F(A)  and any x E X, there exists j (x  - x*) E J (x - x*) such that 
( s -  x*, j  (x - x*)) <_ k l l x -  x*[[ 2 
= IIx- *ll 2 - x* l l ) ,  
for all s E Ax, where k c (0, 1) is a constant and ¢(t) = (1 - k)t 2 is a strictly increasing function 
and ¢(0) = 0. Therefore, the conclusion of Theorem 2.2 follows from Theorem 2.1 immediately. 
THEOREM 2.3. Let X be a uniformly smooth Banach space, D be a nonempty open convex subset 
of X ,  and A : D --+ 2 ° be a set-valued pseudocontractive mapping with nonempty fixed-point 
set F(A).  Let {an}, {j3n}, {%}, and {an} be sequences in [0, 1] satisfying Conditions (i)-(iii) 
in Theorem 2.1. For any given xo E D, let {Xn} and {Yn} be the iterative sequences defined 
by (1.1). Then the following conclusions hold. 
(I) I f  {Xn} converges trongly to a point x* E F(A),  then {Axn} and {Ayn} are bounded and 
there exists a nondeereasing function ¢ : [0, co) --+ [0, oo), ¢(0) = 0 such that, for x* and 
any yn, 
( t -x* , J (yn -X* ) )  <_ [ [yn -x*Ha-¢( i l yn -x*H) ,  n>__O, (2.10) 
for all t E Ayn. 
(II) Conversely, if {Sn} and {tn} are bounded and there exists a strictly increasing function 
¢ : [0, co) --+ [0, oo), ¢(0) = 0 such that for x* c F(A)  and any Yn, inequality (2.10) is 
satisfied, then Xn ~ x*. 
PROOF. (I) Let x~ -+ x* E D. Since D is open, x* is an interior point of D. Since A is a 
pseudocontractive mapping, I - A is an accretive mapping, where I is the identity mapping. By 
aemma 1.2, we know that {(I - d)xn} is bounded and so {Axn} = {Xn -- (I -- A)xn} is also 
bounded. Again, since ~n --+ 0 and an --~ 0, we know that 
Yn = (1 - 13n - an) Xn +/3nSn + anVn -'+ X*. 
Similarly, we can prove that (Ayn} is bounded. Since X is uniformly smooth, we know that 
the normalized uality mapping J : X --+ X* is single-valued. Since A is a pseudocontractive 
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mapping, A is a quasi-pseudocontractive mapping. The rest of the argument is similar to the 
corresponding part of Theorem 2.1 and so we omit it. 
(II) Since {s,~}, {tn}, {un}, and {vn} are bounded, letting 
M : sup  { [ I sn  - x*l l  + Iltn - x*l l  + Ilxo - x*tl + II~n - x* l l  + Ilvn - x* l l} ,  
n>O 
then we have M < ~.  From (1.1), it follows that 
I1=, - =*11 : I1(1 - so - ~o) (=o - x* )  + so (to - x* )  + ~o (~o - =*)11 -< M 
and 
IlY~ - x* l l  -- I1( 1 - ~ - 61) (x~ - x* )  + ~ (x~ - x* )  + 61 (Vl - x* ) l  I _ M .  
By induction, from (1.1), we can prove that 
Ilxn - x*l l  ~ M,  IlYn - x*l l  _~ M,  ~ _~ O. (2 .11)  
Since {Xn}, {s,~}, {tn}, {Un}, and {vn} are bounded, by Conditions (ii) and (iii) and (1.1), we 
have 
yn- -Xn+l=(Sn+~Yn- -~n- -6n)Xn+~nSn- -Sntn+6nVn- -~ynUn- -~O,  (n--+ OO). (2.12) 
In view of the uniform continuity of J ,  from (2.12), we have 
C~ = [[J (xn+I  -- X*) -- J (yn -- X*)I[ -~ O, (n -~ ~) .  
From Lemma 1.1, (1.1), (2.10), and (2.11), we have 
[ Ixn+l  - x*H 2 = II(1 - sn  - %)  (xn  - x* )  + ~n ( tn  - x* )  + % (u,~ - x*)ll 2 
< (1 - an  - 7n)  2 II~n - =*112 + 2~n (tn - =% J (x~+l  - x* ) )  
+ 2~n (un - x*, Y (x~+l - x*)) 
< (1 - an) 2 I[xn - x*H 2 + 2an (tn - x*, g (Yn - x*)) 
+ 2an (tn -- X*, J (xn+ 1 - -  X* )  - -  J (Yn - x*)) + 27aM 2 
< (1 - Sn) :  'Ixn -- x*lr 2 + 2sn  {llYn -- ~*11 ~ -- * (b~ -- x* l l )}  
+ 2SncnM + 2"TnM 2. 
Again, from Lemma 1.1, (1.1), (2.10), and (2.11), we have 
Jlyn - ~*112 = I I (1 -Zn  - 5n) Xn + Zn (Sn -- x*)  + 5n (vn -- x*) l l  ~ 
< (1 - ~n - 6n) 2 [[xn - x'I] 2 + 23n (sn - x*, J (Yn - x*)) 
+ 25n (vn -x* , J (yn  -x* ) )  
< (1 - 3n) 2 [[Zn - x*[I 2 + 2 (/~n + ha) M s. 
Substituting (2.15) into (2.14) and simplifying, we have 
I[Xn+l - x*[[ 2 < [(1 - an) 2 + 2an (1 - ~n) 2] Hxn - x*[I 2 
- -  2an¢ ([[Yn - -  x*[[) + 2anM [ca + 2 (/~n + 6n) M] + 27aM 2 
--~ [[Zn -- X*][ 2 - -  Sn~)  ( [ lYn  - -  X*[[) -- S n {¢  ( [ [Yn  - -  X*[[) 
- (an + 2Z~) M 2 - 2M [Cn + 2 (~n + fin)M]} + 2~ynM 2. 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
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Let a = inf{[yn -x*[[  : n _> 0}. Now we prove that a = 0. Suppose that a > 0. Then HYn -x*[[  _> 
a > 0 for all n > 0. By the strictly increasing property o re ,  we have ¢([[Yn -x* l l )  -> ¢(a) > 0 for 
all n >_ 0. Since cn --* 0, an --~ 0, /3n --* 0, and 6n --~ 0, therefore there exists a positive integer n3 
such that 
(a  n AF 2/3n 2) M 2 - 2M [Ca + 2 (~n + 6n) M] < ¢ (a), 
for all n _> n3. It follows from (2.16) that 
]lxn÷l - x*[I 2 <- I[xn -- X*[I 2 -- Cue (a) -- an {¢ (a) -- (an + 2/3~) M 2 
-2M [Ca + 2 (/3n + 6n) M]} + 2%~M 2 
<_ Ilxn - z*ll - + 2~/n M2' 
for all n _> n3. This implies that 
O<3 
OLn(~ (0") _< I[Zn3 --x*ll 2 
n=n3 
OO 
+ 2M2 Z O'n < oo, 
n~n 3 
which contradicts Condition (ii). Thus, a = 0, and hence, there exists a subsequence {Ynj} 
of {Yn} such that Ynj -~ x* as nj --* oo, i.e., 
Ynj = (1--/~nj -- (~nj) Xnj ~- /~njSn -[- (~njVnj ----* X*. 
~ ~ x*. Again since {tn}, Since {sn}, {vn} are bounded,/~n 0 and 6,~ 0, we know that Znj 
{un} are bounded, an --~ 0 and V,~ --* 0, we have 
Xnj + l = (1 -- an j  -- ~[nj ) Xn.~ Ar OLnb ~nj "~- "~nj Unj ----+ X *. 
By induction, we can prove that 
Xni÷k ~ X*, 
for all k = 1, 2 , . . . .  Therefore, xn --~ x*. This completes the proof. 
REMARK 2.2. Theorem 2.3 improves and extends the corresponding results of Chidume [7], 
Ding [12], Huang [13] and Osilike [18]. 
In Theorems 2.1-2.3, if 3n = (~n = 0 for all n > 0, then we have the following results. 
THEOREM 2.4. Let X be a real Banach space, D be a nonempty convex subset of X ,  and 
A : D -~ CB(D)  be a uniformly continuous et-valued quasi-pseudocontractive mapping. Let 
{OLn} and {]~n} be sequences  in [0, 1] sat i s fy ing  the  following conditions: 
(i) an +' rn  <- 1, n._> 0, 
(ii) oo oo 
(iii) limn--.oo an = 0. 
Let xo C D be any given point and {Xn} be the Mann iterative sequence with errors defined 
by (1.2). Then the following conclusions hold. 
(I) I f  {xn} converges trongly to a fixed point x* of A in D, then {Sn} is bounded and there 
exists a nondecreasing function ¢ : [0, oo) --~ [0, oc), ¢(0) = 0, such that, for x* and 
any Xn, there exists j (xn - x*) E J(xn - x*) satisfying 
(s -x* , j (xn -x* ) )  <_ [ [xn-x*[12-¢([ [Xn-X* l [ ) ,  n>_O, (2.17) 
for all s C Axn. 
(II) Conversely, if {Sn} is bounded and there exists a strictly increasing function ~b : [0, e<)) -~ 
[O, oc), ¢(0) = O, such that, for given x* e F(A)  and any xn, there exists j (xn -x* )  6 
J(Xn -- X*) satisfying inequality (2.17), then Xn --* x*. 
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THEOREM 2.5. Let X be a real Banach space and A : X --~ CB(X)  be a uniformly continuous 
set-valued strongly pseudocontractive mapping with nonempty fixed-point set F( A). Let {an} 
and {fn} be sequences in [0, 1] satisfying Conditions (i)-(iii) in Theorem 2.4. Then for any given 
:co E X ,  the Mann iterative sequence with errors {xn} defined by (1.2) converges trongly to 
x* E F(A)  if and only if {sn} is bounded. 
THEOREM 2.6. Let X be a uniformly smooth Banach space, D be a nonempty open convex subset 
of X ,  and A : D --* 2 v be a set-valued pseudocontractive mapping with nonempty fixed-point set 
F(A).  Let {an} and {fn} be sequences in [0, 1] satisfying Conditions (i)-(iii) in Theorem 2.4. 
For any given xo E D, let {xn} be the Mann iterative sequences defined by (1.2). Then the 
following conclusions hold. 
(I) If {xn} converges trongly to a point x* E F(A),  then {Axn} is bounded and there exists 
a nondecreasing function ¢ : [0, oo) ~ [0, oo), ¢(0) = O, such that, for x* and any Xn, 
( s -x* , J (xn -x* ) )< l ixn -x* l l2 -C( l l xn -x* l l ) ,  n>_o, (2.18) 
for all s E Axn. 
(II) Conversely, if {Sn} is bounded and there exists a strictly increasing function ¢ : [0, oo) - .  
[0, oo), ¢(0) = 0, such that, for x* E F(A)  and any Xn, inequality (2.18) is satisfied, then 
X n --+ X* .  
3. CONVERGENCE OF ITERATIVE PROCESSES WITH 
ERRORS FOR SET-VALUED ACCRET IVE  TYPE  MAPP INGS 
In this section, we consider the approximation problem of solutions for the equation f E Tx 
with set-valued accretive mapping by using the Ishikawa iterative sequence with errors. 
THEOREM 3.1. Let X be a real Banach space and T : X --+ CB(X)  be a uniformly continuous 
set-valued accretive mapping. Let {an}, {fin}, {"~n}, and {Sn} be sequences in [0, 1] satisfying 
Conditions O)-(iii) in Theorem 2.1, and {un}, {Vn} two bounded sequences in X .  For any given 
f E X ,  define a mapping S : X -~ CB(X)  by 
Sx = f + x -  Tx, 
for all x E X.  Let xo E X be any given point and {Xn} be the Ishikawa iterative sequence with 
errors defined by 
Xn + 1 ~- (1 - -  OL n - -  "~n ) X n -~- Oln ?~n -~- "~n Un , 
n > 0, (3.1) 
Yn = (1 - - fn -- 4~)zn + fn~n +SnVn, 
for some ~n E Sxn and ~/n E Syn. If, for given f E X ,  the equation 
f E Tx (3.2) 
has a solution x* E X ,  then the following conclusions hold. 
(I) I f  {xn} converges trongly to x*, then {¢n} and {~n} are bounded and there exists a 
nondecreasing function ¢ : [0, oc) --* [0, c~), ¢(0) = 0 such that, for x* and any xn, there 
exists j (Xn - x* ) E J (xn - x* ) satisfying 
(~- f , J (Xn-X* ) )>¢( i ]Xn-X* [ I ) ,  n>O,  (3.3) 
for all ~ E Txn. 
(II) Conversely, if {~n} and {~/n} are bounded and there exists a strictly increasing fimetion 
¢ : [0,~) --~ [O,c~), ¢(0) = O, such that, for x* and any Xn, there exists j (xn -x* )  E 
Y(xn - x*) satisfying inequality (3.3), then Xn ~ x*. 
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PROOF. 
(I) Since x* E X is a solution of equation (3.2), x* is a fixed point of S. Again, since T is 
a set-valued uniformly continuous accretive mapping, we know that S : X -~ CB(X)  is 
a uniformly continuous pseudocontractive mapping with F(S)  # O. By Theorem 2.1, if 
the Ishikawa iterative sequence with errors {x~} defined by (3.1) converges strongly to x*, 
then {~n} and {~n} are bounded and there exists a nondecreasing function ¢ : [0, ~)  -~ 
[0, eo), ¢(0) = 0, such that, for x* and any x~, there exists j (x~ - x*) E J(xn - x ~) 
satisfying 
( z -x* , j (x~-x* ) )< l lxn -x* l l2 -¢ ( l l xn -x* l l ) ,  n>O,  (3.4) 
for all z E Sxn. Since Sx = f + x - Tx, for any ~ E Tx~, there exists z E Sxn such that 
z = f + x~ - ~. It follows from (3.4) that 
( z -x* , j (xn  -x* ) )  = ( f  +xn  -~-x* , j (x~ -x* ) )  
= Ilxn - x*H 2 - (~-  f , j  (x~ - x*)) 
< I lxn-x* l l  2 --¢(l lXn- x*ll). 
This implies that 
(~-f , j (x~-x*))>_¢( l lxn-x* lL) ,  n>O, 
for all ~ E Tx~. 
(II) It is similar to the proof of Theorem 2.1. 
THEOREM 3.2. Let X be a real Banach space and T : X --* CB(X)  be a uniformly continuous 
set-valued strongly accretive mapping. Let {am}, {Z~}, {V~}, and {~} be sequences in [0, 1] sat- 
isfying Conditions O)-Oii) in Theorem 2.1. Let the mapping S and the sequences {un} and {Vn} 
be the same as in Theorem 3.1. Then, for any given xo E X ,  the Ishikawa iterative sequence 
with errors {xn} defined by (3.1) converges trongly to a solution x* of equation (3.2) in X if 
and only if { Sn } and {t~} are bounded.. 
PROOF. Since T is a uniformly continuous et-valued strongly accretive mapping, from Corol- 
lary 1 of [17], it follows that, for any given f E X, the equation f E Tx has a solution. So S is a 
uniformly continuous et-valued strongly pseudocontractive mapping with F(S)  # O. Therefore, 
the conclusion can be obtained from Theorem 2.2 immediately. 
TttEOREM 3.3. Let X be a uniformly smooth Banach space and T : X --* 2 x be a set-valued 
accretive mapping. Let {an}, {~n}, {Tn}, and {ha} be sequences in [0, 1] satisfying Condi- 
tions (i)-(iii) in Theorem 2.1. Let the mapping S and the sequences {un} and {vn} be the same 
as in Theorem 3.1. If  for any given f E X ,  equation (3.2) has a solution x* E X ,  then the 
following conclusions hold. 
(I) If {xn} converges trongly to x*, then {Sxn} and {Syn} are bounded and there exists a 
nondecreasing function ¢ : [0, oo) ~ [0, oo), ¢(0) = O, such that, for x* and any Yn, 
(~-  f , J  (y~ - x*)) >_ ¢(]]yn - x*[]), n > O, (3.5) 
for all ~? E Tyn. 
(II) Conversely, if {sn} and {t,~} are bounded and there exists a strictly increasing function 
¢ : [0, c~) ---* [0, oo), ¢(0) = O, such that, for x* and any Yn, inequality (3.5) is satisfied, 
then X n ~ X* .  
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PROOF. 
(I) If x ,  --* x*, then {x,~} is bounded. By Lemma 1.2, we know that {Txn} is bounded and 
so {Sx,~} = { f  + xn - Tx,~} is also bounded. Again since ~,~ --* 0 and ~, --* 0, we know 
that 
Yn = (1 - ~ - 5,~)xn +~ns,~ +5~v,~ -~ x*. 
By Lemma 1.2, we know that {Tyn} is bounded and so {Sy~} is also bounded. 
Besides, since x* is a solution of equation (3.2), we know that  x* is a fixed point 
of S. Since T is a accretive mapping, S is a pseudocontractive mapping with F(S)  ~ O. 
By Conclusion (I) of Theorem 2.3, there exists a nondecreasing function ¢ : [0, oo) --* 
[0, oc), ¢(0) = 0 such that, for x* and any y~, 
(Z - -X* , J (yn - -X* ) )  < IlYn--X*[12--C(llYn--X*[I), n>O,  (3.6) 
for all z E Sy~. Since Sx  = f + x - Tx,  for any q E Tyn ,  there exists z E Syn such that 
z = f + Yn - ~. It follows from (3.6) that 
( z -  x* , J  (yn - X*))  = ( f  + yn - , l -  x* , J  (yn - X*))  
= Ily,, - x*ll 2 - (~? - f ,  J (Yn  -- x* ) )  
< IlYn - -  x* l l  2 - -  ¢ ( l i ra  - -  x* l l )  • 
This implies that 
(~/ -  f , J  (yn - X*)) > ¢( l lYn - X*I]), n > O, 
for all ~ E Ty**. 
(II) The conclusion can be obtained from Theorem 2.3 immediately. 
REMARK 3.1. Theorems 3.1 and 3.3 improve and extend the corresponding results of Chang [3,4], 
Chang et el. [5], Chidume [8,9], Chidume and Osilike [10], Deng and Ding [11], Huang and Bai [14], 
Liu [15], Liu [16], Osilike [18,19], Tan and Xu [20], Xu [21], Zhou [22] and Zhou and Jia [23]. 
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